We begin by introducing the following definition: [1] to characterize geometric maximal operators that are of weak type (p, p) for p > 1. The purpose of this paper is to show that Córdoba-Fefferman collections may also be used to estimate the integrals of maximal functions. The primary result in this regard is the following: Theorem 2. Let β be a countable collection of Lebesgue measurable subsets of the unit n-cube I n in R n of positive measure. Let β be such that for any point x in I n , x ∈ R for some R ∈ β. Define the maximal operator M β on L 1 (I n ) by
Suppose M β satisfies the (Tauberian) condition
≤ C β |E| (2) for all measurable sets E ⊂ I n . Then if f ∈ L 1 (I n ),
In particular, 1 2 sup
Proof. We assume without loss of generality that f ∈ L ∞ (I n ), f ≡ 0. We begin by showing
Let > 0. It suffices to show there exists {R i } ∈ CFC(β) such that
Let m be a positive integer such that
. . be an enumeration of the elements of β. Let R 1,1 be the first element on the list of the R i such that 1
Assuming R 1,1 , R 1,2 , . . . , R 1,k have been chosen, let R 1,k+1 be the first element on the list of the R i such that
(If such an element of β does not exist, we stop the selection procedure at this point.) In this manner, a (possibly finite) sequence R 1,1 , R 1,2 , . . . is attained. Let j 1 be an integer such that
We renumerate β (allowing for multiple counting of individual elements) as
Now let R 2,1 = R 1,1 . Let R 2,2 be the first element on the list ( * 2 ) such that
Assuming R 2,1 , R 2,2 , . . . , R 2,k have been selected, let R 2,k+1 be the first element on the list ( * 2 ) such that
In this manner the sequence R 2,1 , R 2,2 , . . . is generated. Let j 2 ≥ j 1 be an integer such that
We continue inductively. Assume that R n,1 , R n,2 , . . . , R n,jn have been selected. We renumerate β as
Assuming R n+1,1 , . . . , R n+1,k have been selected, let R n+1,k+1 be the first element on the list ( * n+1 ) such that
In this manner, a sequence R n+1,1 , R n+1,2 , . . . is selected. Let j n+1 ≥ j n be an integer such that
. This is clear, as R n,1 , R n,2 , . . . , R n,jn are the first j n elements of β chosen in the procedure for selecting the R n+1,i .
We now relate
for all measurable sets E ⊂ I n , we see that
We now let l be a positive integer such that 2 m−l < /3. Then
We now compare {x∈I
Also, by (4) we have
.
As is an arbitrary positive real number and {R +1,i } ∈ CFC(β), we see that
as desired. We now show that
Let {R i } ∈ CFC(β). Without loss of generality, we assume
It suffices to show that
. Also,
To illustrate the role of the Tauberian condition in the above theorem, we consider the following example:
Note that although the ratio of
may be arbitrarily large (depending on the value of δ), the ratio is still bounded by 4C β δ .
Before indicating applications of the preceding theorem, we list some basic definitions.
Definition 3 (Hardy-Littlewood maximal function). Let f be a measurable function defined on R n . Let B(p, r) denote the Euclidean ball of radius r in R n centered at p, and let |B(p, r)| denote the Lebesgue measure of B(p, r). The Hardy-Littlewood maximal function of f is defined on R n by
Definition 4 (Strong maximal function). Let f be a measurable function defined on R 2 . The strong maximal function of f is defined on R 2 by
Definition 5 (Horizontal maximal function). Let f be a measurable function defined on R 2 . The horizontal maximal function of f is defined on R 2 by
Definition 6 (Vertical maximal function). Let f be a measurable function defined on R 2 . The vertical maximal function of f is defined on R 2 by
We now turn to one of the most useful applications of Córdoba-Fefferman collection theory. In this discussion we will denote the unit square I 2 in R 2 by Q. Also, if a given maximal operator M β is naturally associated to a collection β, as, say, M S is associated to the set of rectangles with sides parallel to the axes, we will frequently denote the Córdoba-Fefferman collection CFC(β) by CFC(M β ).
Suppose we are given the maximal operators M α , M β , and M γ , all of which satisfy the desired Tauberian condition. Suppose also we want to show that
for almost every p in Q. Theorem 2 would then yield the desired result. The primary difficulty in applying this strategy is that the production of the {B i } ∈ CFC(M β ) and {C i } ∈ CFC(M γ ) can be a complicated matter and in some situations may not be possible. However, in many cases one can modify this strategy by using the geometry of f to choose a particular {A i } ∈ CFC(M α ) in such a manner that not only
, but also the production of the {B i } ∈ CFC(M β ) and {C i } ∈ CFC(M γ ) can follow in a geometrically intuitive fashion. Actually proving that Q M α f ∼ Q |f | i χ A i often requires a duplication of large parts of the proof of Theorem 2 in the special case determined by the geometry of f and the desired properties of the collection {A i }. We illustrate these ideas in the proof of the following lemma:
for some universal constant C.
Proof. Since M HL and the operators M x , M y are bounded on L 2 (Q), we may assume without loss of generality that f is smooth. Hence without loss of generality we may assume f ∈ L ∞ (Q). Let m be the largest integer such that 
For each positive integer j, let ρ m−j+1 be a positive integer such that
We now form the following sequence of dyadic squares: let
This is possible via (12) and the selection rule for the Q i .
Note that (10) implies
Now, suppose 2 m− +1 ≤ α < 2 m+1 . Let r be the largest integer such that 2 r ≤ α. Hence m− +1 ≤ r ≤ m. By (13) and the remarks preceding (13) we
For i = 1, 2 we generate a finite sequence { Q i,j } as follows: Let Q i,1 be the first square Q on the list Q 1 , Q 2 , . . . , Q j which contains an element whose i-th component is 0 (i.e. there is an element p = (p 1 , p 2 ) ∈ Q with p i = 0.) For each positive integer j, let Q i,j be the j-th square on the list with this property (if such a square exists). Since each of the Q i intersect one of the coordinate axes, each cube Q i will be an element in at least one of the two sequences. Suppose now that for each i = 1, 2 the sequence { Q i,j } has q i squares. Then by (14),
For i = 1, 2 and each positive integer j, define R i,j as the collection of R ⊆ Q such that R is a rectangle with sides parallel to the axes, one of the edges of R with smallest length is parallel to the line x i = 0, and one of the edges of R with smallest length has length 2 −j . For example, an element of R 1,3 would be the rectangle with corners at the points 0, 
For convenience, we will frequently denote M x by M 1 and M y by M 2 . Hence the equalities above become
It follows that there exists an integer, designated by j 0 , such that
We assume without loss of generality that
We now show that for each i = 1, 2,
Since for i = 1, 2 the squares Q i,j for j = 1, . . . , q i are all dyadic and intersect the line {x i = 0}, the selection rule for the Q k yields
Now by the construction of the R i,j it is clear that
(19) and (20) then yield (17), and (21) yield
As is arbitrarily small, we see that
for some universal constant C, completing the proof.
The preceding lemma and the following rearrangement result will enable us to prove that if f is a measurable function supported on Q, then 
where c is a universal constant.
Without loss of generality, assume f is smooth on Q. Take the Calderón-Zygmund decomposition of f with respect to α on each vertical segment in
(In the case that 
by the above; but the left-hand side is greater than 4α by the construction of E 4α . So | E 4α | ≤ 2|E α | if 
